Using only the definition of a Moufang polygon, we give a short general proof of the well-known fact that root groups in spherical Moufang buildings are nilpotent. This is crucial in the proofs of other fundamental results.
Introduction
Using only the definition of a Moufang polygon, we give a short and simple proof that the root groups in Moufang polygons are nilpotent. The known proofs all use the fact that Moufang n-gons only exist for n = 3, 4, 6, and 8 (see [6, (17.1) ]) and in each of these cases the result is obtained at an early stage in the classification of the Moufang polygons. However, using the easy proof given here, we can in fact simplify the proof that n ∈ {3, 4, 6, 8} given in [6] .
Since any root group of a spherical building of higher rank is isomorphic to a root group of some rank 2 residue (see [8, 11 .10]), the proof immediately yields the corresponding result for higher rank buildings. This is the essential ingredient in the proof that the group generated by all root subgroups containing a given chamber is nilpotent (see [8, 11.19] and also [4, Remark 2.11.5(a)]), see Corollary 2.5. This, in turn, is crucial in showing that the little projective group of a Moufang building is simple if and only if it is perfect (see [1, Chapter 4, §2] or [8, 11.20] ).
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Set-up and proof of the main result
A generalized n-gon Γ is a bipartite graph with valencies at least 3, diameter n, and girth 2n. The set of vertices adjacent to some x ∈ Γ is denoted by Γ 1 (x), and more generally, Γ i (x) denotes the set of vertices of (graph theoretic) distance at most i from x.
Remark 2.1. For every simple path (x 0 , . . . , x n+1 ) of length n + 1 and every i with 0 i n − 2, we have G x 0 ,...,x n+1 ∩ G [1] x i ,x i+1 = 1 (see [6, (3 .7)]) and hence the root group G
The full classification of Moufang generalized polygons is contained in [6] . In particular, it is known that Moufang n-gons exist only for n = 3, 4, 6, and 8, and in each case it is known that the corresponding root groups are nilpotent (see [6, (19. 
Proof. By Definition 2.2 of a Moufang polygon, there is some g ∈ G [1] x n with x g 1 = x 1 and hence
by Remark 2.1 since by assumption the elements on both sides of the equation lie in U and induce the same action on Γ 1 (x n ). Similarly, for α ∈ U , β ∈ U (j ) , we have Fix a simple path (x 0 , . . . , x n ) , and let U = G [1] x 1 ,...,x n−1 be the corresponding root group.
Proof.
Let m = (n − 1)/2 if n is odd and m = n/2 if n is even. For k m let H k = G [1] y 1 ,...,y k ,x k+1 ,...,x n−1 where the intersection is taken over all simple paths extending (x k+1 , . . . , x n−1 ). By Remark 2.1, H m = 1. We will show that U is nilpotent by showing inductively that for some j we have U (j ) H m = 1.
By Lemma 2.3, we see that for
we have 
By Lemma 2.3, we therefore have
Inductively, we see for all i k, that
.
. This is crucial for obtaining the restriction n ∈ {3, 4, 6, 8} for Moufang n-gons (see [2, 3, 7] or [6, Chapter 18] ).
